New five-dimensional charged AdS black hole solutions are found in Einstein-Gauss-Bonnet gravity and the nonlinear electrodynamics. These solutions include regular black holes as well as extremal black holes. The first law of the black hole thermodynamics is confirmed in the extended phase space where the cosmological constant is treated as the pressure. The first and second order phase transitions are investigated by observing the behavior of the heat capacity at constant pressure and the Gibbs free energy. In addition, the equation of state for the black holes and their P −V criticality are studied. Finally, the critical exponents are found to be the same as those of the Van der Waals fluid.
hole. The regular black holes, which satisfy WEC and behave asymptotically like the RN black hole, were obtained by authors in Refs. [100] [101] [102] [103] . In addition, the regular black hole solutions were found from the modification of the Ayon-Beato and Garcia solution [104] , in the lower dimensional spacetime [105] , in the presence of some dark energy candidates [106, 107] . There exist other regular black hole solutions such as rotating regular black hole [108] and radiating Kerr-like regular black hole [109] . Extremal limit of the regular charged black holes was investigated in Ref. [110] .
Beyond Einstein gravity, the regular black hole solutions were found in Einstein-Gauss-Bonnet gravity [111, 112] , in the quadratic gravity [113] , in the f (R) gravity [114] , and in the f (T ) gravity [115] .
Inspired by these works, we obtain new charged AdS black hole solutions with the nonlinear electrodynamics in the framework of Einstein-Gauss-Bonnet gravity. The solutions contain not only extremal charged black holes but also regular black holes without curvature singularity. This means there are a variety of scenarios for the fate of these black holes after Hawking radiation.
We investigate the thermodynamics and the phase transitions of these black holes in the extended phase space including the cosmological constant as the pressure. We find that the solutions exhibit the Hawking-Page transition through the study of Gibbs free energy. We also find that the solutions have the liquid/gas-like phase transition below the critical temperature. This paper is organized as follows. In Sec. II, we introduce the action describing EinsteinGauss-Bonnet gravity coupled to a nonlinear electromagnetic field in five-dimensional spacetime with negative cosmological constant. Then, we find static and spherically symmetric black hole solutions carrying the electric charge. In Sec. III, we study the curvature singularity and find the regular black hole solutions. We investigate the thermodynamics and phase structure of the black holes in Sec. IV. We find the first and second order phase transitions. We study P − V criticality of the black holes in Sec. V. We also obtain the critical exponents describing the behavior of the thermodynamic quantities of the black holes near the critical point. Finally, our conclusion is drawn in Sec. VI. Note that, in this paper, we use units in G N = = c = k B = 1 and the signature of the metric (−, +, +, +, +).
II. THE BLACK HOLE SOLUTION
We consider five-dimensional Einstein-Gauss-Bonnet gravity coupled to a nonlinear electromagnetic field along with negative cosmological constant. The system is described by the action
where Λ is the negative cosmological constant related to the AdS curvature radius l as
and L GB is the Gauss-Bonnet term given by
α denotes the Gauss-Bonnet coupling constant 1 , and L(F ) is the function of the invariant F ≡ F µν F µν /4 where F µν = ∂ µ A ν − ∂ ν A µ is the field strength of the electromagnetic field A µ .
By varying the above action, we derive the equations of motion as
with
It is convenient to introduce a two-form field strength P µν as
whose (tr) component is related to the conjugate momentum of the gauge field A µ . The square invariant of the field strength P µν satisfies
It is also convenient to introduce H(P ) which is related to the Lagrangian L(F ) of the gauge field by a Legendre transformation as [116] 
and satisfies the following relations:
Then the equations of motion can be written in terms of P µν and H as
As we are motivated to find black hole solutions which contain the regular black hole solution in some special limit, we would like to consider the nonlinear electrodynamics given explicitly as
where k 0 is a coupling constant of the nonlinear electrodynamics. The Lagrangian of the nonlinear electrodynamics corresponding to (13) is given in the expansion form as
One may consider the Lagrangian in (14) as the effective Lagrangian of the U (1) gauge field, where the first-and higher-order terms in the nonlinear coupling constant k 0 are the higher order derivative corrections of the U (1) gauge field originating from the integration of UV energy modes.
The usual Maxwell electrodynamics is restored in the k 0 → 0 limit.
If the Gauss-Bonnet coupling constant is in the region 0 ≤ α ≤ l 2 8 , it admits AdS vacuum solution of the form
where the effective curvature radius l eff is given by
8 , we have two AdS vacuum solutions with two different effective curvature radii, while, for α = l 2 8 , the theory has a unique AdS vacuum with the effective curvature radius, l eff = l √ 2
. From now on, we consider the theory with 0 ≤ α ≤ l 2 8 and choose the vacuum solution with the effective curvature radius
which has smooth α → 0 limit. mass M and the total electric charge Q, given by the following ansatz:
The total electric-charge Q is defined as
where (12) and (18), with ansatz (17), we obtain
where, for convenience, we introduce the 'reduced' charge q related to the total charge Q by q = 4π S 3 Q in which S 3 = 2π 2 is the volume of the unit 3-sphere. The electrostatic potential A t (r) of the black hole is obtained as
. The integration constant is fixed to satisfy A t (r) → q 2r 2 as r → ∞. The (tt) component of Eq. (4) reads
It is straightforward to confirm that all the other components of the equation (4) are satisfied if (tt) component equation (21) holds, as presented in the appendix. By integrating the equation, we obtain the black hole solution as
where the 'reduced' mass m is the integration constant. The ADM mass M of the geometry can be obtained by following the expression given in Ref. [117] for the black holes in Einstein-GaussBonnet gravity coupled to nonlinear electrodynamics and is given by
the ADM mass M of the black hole solution is related to the 'reduced' mass m as
One may note that, if the reduced mass is in the region m < q 2 3k , the metric has branch point singularity at r = r b , which is determined as
Therefore the reduced mass must satisfy the inequality, m ≥ q 2 3k . As will be shown in the next section, this lower bound is a special point where the curvature singularity disappears.
Before we describe the solution in detail, we present various limits of the solution, which correspond to the known black hole solutions in the literatures.
• 5D Schwarzschild-AdS GB black holes
In the limit q → 0, the metric function is given by
which corresponds to the metric of 5D Schwarzschild-AdS GB black hole [84] .
• 5D charged AdS black holes with the GB term and Maxwell electrodynamics
In the limit k → 0, the Lagrangian for the gauge field becomes the usual Maxwell Lagrangian.
In this limit, the solution becomes of the form,
which describes the charged AdS black hole solution in Einstein-Gauss-Bonnet gravity. If we take additional limit, l → ∞, it becomes the Wiltshire black hole solution [83] , in which the GB term plays the role of the effective cosmological constant. On the other hand, under the limit, l → ∞ and q → 0, it reduces to the Boulware-Deser black hole solution [82] .
• 5D charged AdS black holes with higher derivative electrodynamics
If we take the α → 0 limit, we obtain another new charged black hole solution of Einstein gravity with higher derivative U (1) gauge field as
In this solution, the lower bound of the reduced mass is also given by m = q 2 /3k, where it becomes the regular black hole solution. Since all the thermodynamic properties of this solution can be trivially obtained by taking α → 0 limit, we will present the thermodynamic properties for the general α case only.
III. PROPERTIES OF BLACK HOLE SOLUTIONS
The behavior of the solutions depends on various parameters in the theory. In this section we describe the basic properties of the solutions, including the existence of curvature singularity.
Basically, for given coupling constants α and k and the cosmological constant, there are two classes of the solutions. The first one is when the mass is in the region , m > q 2 3k . In this class, the behavior of the curvature scalar R near r = 0 is given by,
which indicates the existence of a curvature singularity at the center of the black hole. It describes the usual black hole solutions with curvature singularity inside the event horizon. The other one is when the mass saturates the lower bound m = q 2 3k , in which the curvature singularity disappears and thus the black hole becomes regular black hole. In this case, the metric function is given by
In order to see the regularity of the solution, let us consider the behavior of the black hole at the short distance. In the limit r → 0, the function f (r) behaves as
This means that the inside of the black hole including the curvature singularity at the origin is replaced by the core of the AdS geometry, and thus the black hole is regular. Indeed, this behavior is confirmed as various curvature invariants are smooth as r → 0:
In addition, we can see that from same as the one of AdS geometry, just like the Ayon-Beato-Garcia regular black hole [100, 102] .
Whereas, the standard Bardeen solution [95, 96] and the regular black hole solutions obtained by Dymnikova [101, [118] [119] [120] have the dS center.
Before we proceed, let us pause to clarify the differences between our charged AdS black hole solutions and those obtained in various gravity theories in the four-and higher-dimensional spacetime. Many charged AdS black hole solutions have been obtained in Einstein/modified gravity with/without the higher order derivative corrections of the U (1) gauge field. For example, the charged AdS black hole solutions were obtained in Einstein gravity with power-law Maxwell field [121] [122] [123] [124] , in Gauss-Bonnet gravity's rainbow [125, 126] , in Gauss-Bonnet gravity with power-law Maxwell field [127, 128] or with quadratic nonlinear electrodynamics [129] , in third order Lovelock gravity with Born-Infeld type nonlinear electrodynamics [130] , in third order quasitopological gravity with power-law Maxwell source [131] , in Lovelock gravity coupled to Born-Infeld nonlinear electrodynamics [132] , in Einsteinian cubic gravity [133] , and in the f (R) gravity [134, 135] . One may expect that the higher order curvature corrections of quantum gravity as well as the higher order derivative corrections of the U (1) gauge field can smooth the spacetime geometry. However, for all these black hole solutions, there is always a curvature singularity at r = 0. The corrections of quantum gravitation as well as the nonlinear electrodynamics only lead to the modification of the usual black holes or decreasing the strength of the curvature singularity. In our black hole solutions, there exists a lower bound for the black hole mass where the combination of the corrections for both gravity and the electrodynamics can smooth the spacetime geometry completely. As a result, the curvature singularity disappears and the black hole corresponding to this lower bound is regular. The lower bound of the mass of the regular black hole is determined in terms of its charge and the nonlinear coupling. This relation is analogous to the one in the regular black hole solutions obtained in Refs. [136] [137] [138] [139] 150] . One of the main virtues of our black hole solutions, in contrast to the above solutions, is that they contain not only regular black hole but also extremal black hole as a lower bound of mass, which gives a variety of scenarios for the end points of Hawking radiation.
Furthermore, for the regular black hole solutions mentioned in the introduction, the nonlinear coupling constant should be fine-tuned and related to the charge and mass of the regular black holes. In contrast to these regular black hole solutions, the nonlinear coupling constant in our theory is given as a free parameter and the usual black hole solutions with curvature singularity exist. The regular black hole emerges as a special limit of these solutions with the mass given in terms of the charge and the nonlinear coupling constant.
From the equation of the horizon, f (r + ) = 0, where r + denotes the horizon radius of the black hole, one can obtain the relation between the reduced black hole mass m and the horizon radius
One may note that the mass approaches 2α + is a monotonically increasing function of r + . It is realized, for example, if the charge q is small enough for given coupling constants k and α. 2 More specifically, it corresponds to the case that the charge q is smaller than a critical value q c for given l and k, where q c is determined in terms of l and k by the following relation 3
In this case, there is no local minimum of m(r + ) and thus there is no extremal black hole solution.
Furthermore since the mass of the black hole is lower bounded as 2α + q 2 3k , which is larger than the mass of the regular black hole, there is no regular black hole solution either. This would mean that the black hole can not reach the extremal black hole nor regular black hole through the Hawking radiation, in which the black hole can only lose the charge. This case is shown in the left panel of Fig. 2 and will be denoted as the case I.
As we increase the charge q, the mass function develops the local minimum, which corresponds to the extremal black hole. The horizon radius r e of the extremal black hole is a large positive root of the equation F 1 (r e ) = 0, where
and is graphically solved in the left panel of 
In this case we have interesting possibility for the fate of the black hole. The regular black hole may be reached first by the Hawking radiation and then, since the regular black hole has non-zero
Hawking temperature, it would still radiate. Depending on the amount of the loss of the charge q through the radiation, there is a chance that it ends up to be regular as well as extremal.
IV. THERMODYNAMICS AND PHASE TRANSITIONS
In the extended phase space, the cosmological constant plays the role of the pressure as in which the mass of the black hole is naturally regarded as the enthalpy. In this description, the first law of the black hole thermodynamics is given by
where the entropy S, the total charge Q and the pressure P are a complete set of the thermodynamic variables for the mass or enthalpy function M (S, Q, P ), while the temperature T , the chemical potential Φ and the thermodynamic volume V are conjugate variables to S, Q and P , respectively, and are defined as
The Bekenstein-Hawking temperature can be obtained from the surface gravity at the event horizon as [141, 142] 
The behavior of the black hole temperature as a function of the radius of event horizon is plotted for 
Some of those extrema may disappear if the pressure is larger than a certain critical value P c , where the maximal and minimal temperature points coincide together, i.e., We give the numerical results of the equation F 2 (r ex ) = 0 in Table I .
It is worthwhile to note that, in the case II, the curve of the black hole temperature has, for some range of parameters, two allowed regions separated by a forbidden region, in which there is no corresponding black hole solution, as described in Fig. 5 . It means that the black hole solution remains in one of these allowed regions throughout the Hawking radiation, depending on the initial condition.
The black hole entropy can be obtained from the Wald formula and, as shown in the appendix, is given by
where the second term is the additional contribution from Gauss-Bonnet term away from the usual area law for the Einstein gravity. Surely, this can also be confirmed by the integration of the first law as
which is nothing but the electrostatic potential given in Eqs. (20) . The thermodynamic volume V can also be obtained from the first law as
where
2 is the volume of unit 4-ball in the flat space. Before we move to the investigation of phase transitions, let us pause to take the limit l → ∞, where we obtain black hole solutions without cosmological constant. In this case, the black hole mass given in Eqs. (25) and (34) becomes
and the black hole temperature becomes
The expressions of the black hole entropy S and the chemical potential Φ are not affected by the cosmological constant and remain the same. The first law of the black hole thermodynamics is satisfied as
The thermodynamic stability of the black hole is determined by its heat capacity C P which is given by
where F 1 (r + ) and F 2 (r + ) are given in Eqs. (36) and (42), respectively. If the heat capacity C P is positive, the black hole is thermodynamically stable and if it is negative, the black hole is unstable.
The black hole undergoes the second-order phase transition between these stable and unstable phases. This is due to the fact that the heat capacity C P suffers from discontinuity at the extremal points r ex satisfying F 2 (r ex ) = 0. In Fig. 6 , we plot the black hole heat capacity in terms of the radius of the event horizon under various values of the pressure and the charge q.
The black holes for the case I with the proper charge always have the thermodynamically unstable region while the black holes for the cases II and III do not have one for the pressure above By analyzing the Gibbs free energy G, we can obtain another kind of phase transition. The Gibbs free energy G is defined by
where 
The behavior of the Gibbs free energy G in terms of the temperature for various values of the pressure and the charge q is plotted in Fig. 7 . The Gibbs free energy G changes its sign at which the Hawking-Page (HP) phase transition between the black hole and the thermal AdS space occurs [10] . We give the numerical results for the radius r HP and the temperature T HP for the HawkingPage phase transition in Table II. From this table, or cosmological constant results in the decrease of the radius of the HP phase transition and the increase of the associated temperature.
In particular, there are swallowtail structures meaning that the black hole undergoes the firstorder phase transition between the thermodynamically stable phases. More specifically, for the black holes belonging in the cases II and III, there is a first-order phase transition which disappears if the pressure is larger than the critical one P c . On the other hand, for the black hole belonging in the case I, there exists, at least, one first-order phase transition point, irrespective of the pressure.
V. P-V CRITICALITY AND CRITICAL EXPONENTS
In this section, we study the P-V criticality and critical exponents of the black holes in the extended phase space. From Eq. (41), the equation of state P = P (T, V ) is given by
where r + is a function of the volume V , r + = 
where A is the area of event horizon. We plot the isotherms in the P − r + diagram in Fig. 8 , which shows the various behavior of the isotherms depending on the temperature.
These isotherm curves show that the system is in the 'ideal gas phase' for the temperature above the critical temperature T c , at which the isotherm has an inflection point, and has the 'liquid-gas phase transition' for the temperature below the critical temperature T c .
In T < T c , the isotherms consist of three different branches of the black holes. The branch with very large |∂P/∂r + | or the high pressure is related to the small black holes. The branch with small |∂P/∂r + | or the low pressure corresponds to the large black holes. The oscillating branch between the small and large black holes is the region where the black holes are thermodynamically unstable and represents a Van der Waals-like first-order phase transition between the small and large black
holes. The oscillating part should be replaced by the straight line on which the pressure is constant under the change of the volume, or radius r + . This phase transition pressure can be determined by
Maxwell's equal area law, which will be given in below. The corresponding radius r c of the event horizon to the critical temperature is determined as 
The critical temperature T c and the critical pressure are expressed in terms of the critical radius r c as
The equation (57) can be solved in the following limits as r c = 2 √ 3α as q → 0, r c = 5q
In the limit q → 0, the combination of these critical values becomes [27] 
whereas the limit k, α → 0 leads to [24, 25] 
Another interesting limit is the limit of strong nonlinear coupling, k 1, which shows the effect of the nonlinear electrodynamics most clearly. In this limit, the exponential term in the Eq. (57) is dominant and the critical radius becomes r c 2 √ 3α. In this situation, the critical temperature and the critical pressure are given by
These critical values are nothing but those corresponding to the case of the q → 0 limit. This seems to be natural since the sufficiently strong nonlinear electrodynamics means the strong repulsive force and thus the black holes tend to form with less charge.
In order to see more explicitly the effect of the nonlinear electrodynamics on P −V criticality, we present the relation between the critical quantities and the nonlinear coupling, given numerically in Table. III. As the nonlinear coupling increases, both the critical temperature and the critical The behavior of the thermodynamic quantities near the critical point is described by the critical exponents which are defined as
where t ≡ (T − T c )/T c . The critical exponents α, γ, and δ govern the behavior of the specific heat at constant volume, the isothermal compressibility κ T , and the critical isotherm, respectively.
The order parameter η is given by the difference of the volume V l − V s during first order phase transition and its critical exponent is denoted as β. The eqs. (45) and (47) imply that the black hole entropy S is a function of the volume V only, independent of the temperature T . This means that C V = 0 and thus the critical exponent α = 0.
Now we would like to calculate remaining critical exponents following the approach given in
Ref. [23] . First, we define the dimensionless quantities near the critical point as
with | |, |ω|, |t| 1. Note that, by replacing the above expansion of r + into Eq. (47), ω is related to as ω = 4 . Then, the equation of state, (54) , is rewritten in terms of these dimensionless quantities as
We consider the case t < 0. Since the pressure is constant during the phase transition between the large and small black holes, it leads to
where l and s correspond to the radii of the large and small black holes, respectively. On the other hand, from Eq. (65), we can get the differentiation of the pressure with respect to the radius
Applying Maxwell's equal area law, we obtain
From Eqs. (67) and (69), we have unique solution as
Thus, we can determine the critical exponent β as
In order to compute the critical exponent γ, let us calculate the isothermal compressibility
Finally, we find the critical exponent δ by computing |P −P c |
Tc
. The critical isotherm corresponds to T = T c or t = 0, hence we have
As a result, the critical exponent δ is determined as
Quite surprisingly, all these critical exponents for the black holes with nonlinear electrodynamics have the same values as those of the Van der Waals fluid as well as the black holes with the Maxwell electrodynamics.
VI. CONCLUSION
One of the main motivation of this work has been to find the regular black hole solution which does not have the curvature singularity. One way to obtain such a solution is to smooth out the geometry by adding nontrivial source like U (1) gauge field with higher derivatives. In this work, we have found a new class of 5D charged AdS black hole solutions in Einstein-Gauss-Bonnet gravity coupled to a nonlinear electromagnetic field. In particular, the solutions admit not only extremal black holes, but also regular black hole solution.
In general, the regular black hole has non-zero Hawking temperature and thus radiates. Our solution suggests various interesting scenarios on the fate of the black holes after Hawking radiation.
Depending on the initial state of black holes, the end point of our black holes would be the extremal black hole with curvature singularity or would be the regular extremal black hole. The perspective to obtain extremal black holes without any curvature singularity, even with small possibility, is very exciting.
We have investigated the thermodynamics and the phase transitions of these black holes, in the extended phase space where the cosmological constant is taken into account as the pressure. 
where we have denotedḠ 
It is easily to see that the (ψψ), (θθ) and (φφ) components of Eq. (4) 
The curvature scalars R, R µν R µν , and R µνρλ R µνρλ become 
where the binormal vector µν to the event horizon surface Σ and the volume element on Σ are 
With the metric ansatz given in Eq. (17) 
As a result, we find the black hole entropy as 
From now on, we take the Maxwell limit, k → 0, to focus on the corrections from the Gauss-Bonnet term. By following [153] 
where φ 0 is the incoming angle of the photon. As a result, one can find the deflection angle of the photon as ∆φ = 2 φ(1/b) − φ 0 − π,
where 1/b corresponds to the nearest point of the photon's trajectory and ∆φ GR is the standard value predicted by GR, given as
The second term in (93) shows the correction coming from the Gauss-Bonnet term to GR.
